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Del or Nabla Operator ( Operator ) 

 The del operator or Nabla Operator, written as  is the vector differential operator. 

This vector differential operator otherwise known as the gradient operator is not a 

vector in itself, but when it operates on a scalar function, it produces a vector. 

 The operator is useful in defining the following: 

 1. The gradient of a scalar V, written as V. 

 2. The divergence of a vector    ,      . 

 3. The curl of a vector     ,      . 

 4. The Laplacian of a scalar V,      . 

  , the del operator vector in Cartesian or rectangular coordinates is defined by: 

 

 
 

  in cylindrical coordinates is: 

 

  in spherical coordinates is: 
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Grade (del , Nabla) (Sheet (03) - Prob (01))  
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1.5.3 Divergence of a Vector 
 Divergence of a vector field is defined as the net outflow of flux per unit volume over a 

closed incremental surface. 

 In other words, the divergence of    at a given point P is the outward flux per unit 

volume as the volume shrinks about P, as shown in Fig. 1.10 and defined as follows: 

 

 

 
 

where V is the volume enclosed by the closed surface S in which P is located. 
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(1.35a) 
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DIV (Sheet (03) – Prob. (02))  
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DIV (Sheet (03) – Prob. (02))  



10 

DIV (Sheet (03) – Prob. (03))  
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Curl of a Vector 
 Curl of a vector field  is defined as an axial (or rotational) vector whose magnitude is 

the maximum circulation of    per unit area as the area tends to zero and the direction 

is the normal direction of the area, as shown in Fig. 1.11 and defined as follows: 

 Physically, the curl of a vector field represents the rate of change of field strength in a 

direction at right angles to the field and is a measure of rotation of something in a 

small volume surrounding a particular point. For streamline motions, the curl is zero, 

while it is maximum near eddies and whirlpools. (How much Flow of field) 

 The vector fields whose curl is zero are called irrotational. Irrotational fields are also 

called as conservative fields. 

 In Cartesian system, the curl of vector field can be found using: 
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CURL (Sheet (03) – Prob. (05))  
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CURL (Sheet (03) – Prob. (05))  



 The familiar concept of integration will now be extended to cases when the integrand 

involves a vector.  
 

1.4.1 Line Integral 

 A line means the path along a curve in space. Terms such as line, curve and contour 

can also be used interchangeably. Given a vector field    and a curve L, the integral 

 

 

 

 is defined as the line integral of    around L, It is the tangential component of along the 

curve L. If the path of integration is a closed curve such as abca as in Fig. 1.8, then 

the integral becomes a closed contour integral, which is called circulation of    around 

L. 

1.4 Vector Integrals 

(1.28) 
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1.4.2 Surface Integral 

 Consider Fig. 1.9. A vector field   continuous in a region containing the smooth surface 

S, is given. The surface integral or flux of    through S is defined as 
 

  

1.4 Vector Integrals (Continued) 

(1.30) 
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1.4.2 Surface Integral 

 where    is the unit vector normal to S at any point. For a closed surface, the equation 

becomes: 
 

  

 

 which is referred to as the net outward flux of    from S. Notice that a closed path 

defines an open surface whereas a closed surface defines a volume. 

 

1.4.3 Volume Integral 

 The volume integral is defined as the volume integral of scalar v over the volume v 

as: 

1.4 Vector Integrals (Continued) 

(1.31) 
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1.5.5 Laplacian Operation 
 The Laplacian of a scalar field V can be written as 2V. It is defined as the divergence 

of the gradient of V. 

 In Cartesian coordinates system, 2 (V is a scalar field    is a vector field is: 

 

 

 

 
 

 

 

Properties of Laplacian Operation 

 1. Laplacian of a scalar field is another scalar field. 

 2. If Laplacian of a scalar field is zero in a given region, then the scalar field is said to be 

harmonic in that region. 

1.5 Vector Calculus (Continued) 

(1.37a) 
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1.5 Vector Calculus (Continued) 

 This theorem applies to any vector field for which the appropriate partial derivatives 
exist. It states that the integral of the normal component of any vector field over a 
closed surface is equal to the integral of the divergence of this vector field throughout 
the volume enclosed by the closed surface. 

 Its benefits drive from the fact that it relates a triple integration throughout some 
volume to double integration over the surface of that volume as shown in Fig. 1.12 and 
stated by the following expression: 
 

1.5.6 The Divergence Theorem  

(Fig. 1.12) 
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 Divergence theorem states that the integral of the normal 
component of a vector function over a closed surface is equal to 
the integral of the divergence of that vector throughout the 
volume 'v' enclosed by the surface ‘S'. 
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1.5 Vector Calculus (Continued) 

 The line integral of the tangential component of a vector    around a closed path C is 

equal to the surface integral of the normal component of curl    over the surface 

enclosed by the path C. 

 This theorem applies to any vector field. It relates a surface integral a closed line 

integral shown in Fig.1.13 and stated by the following expression: 

1.5.7 Stokes’ Theorem  

(Fig. 1.13) 
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1.5.8 Grad, Div and Curl Identities  

• For any scalar or vector field the following expressions hold: 
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Prob (06) 
Prove that curl grad = 0, where  is a scalar field. 

Solution Curl grad  =  x V is given by: 
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Prob (07) 
  

 Determine the Divergence and Curl of the following vector field.  
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Solution 

The Divergence of is given by: 

  

  

  

The Curl of is given by: 
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Prob (08) 
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Prob (09) 
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Prob (10) 
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Prob (11) 
  

  

 

      

 

 



Thank  you for your attention 

Dr. Moataz Elsherbini 
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