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Vector Calculus

Del or Nabla Operator (V Operator )

 The del operator or Nabla Operator, written as V is the vector differential operator.
This vector differential operator otherwise known as the gradient operator is not a
vector in itself, but when it operates on a scalar function, it produces a vector.

* The operator is useful in defining the following:

1. The gradient of a scalar V, written as VV.

2. The divergence of a vector ,_ .

3. The curl of A VA
The curl of avector x , yyaA

4. The Laplacian of a scalar V, VvV

V, the del operator vector in Cartesian or rectangular coordinates is defined by:

V—ﬁé +ié +£é
ox < oy Y oz (1.33a)

e Vincylindrical coordinatesis: ~ V=——4a,+———4a,+——4, (1.33b)

e Vin spherical coordinates is: or " r@@

a
" rsino ag * (1.33c)




e

Vector Calculus
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Vector Calculus

= Example /-5 :
Determine the 8raa’/éru‘ of the r"o//ow/'nj scalar Lelds:

q-./‘(x,sz):xyz.;. 2 &
b- f(r>¢,2) = 2r sind
C- f(ry6,¢)= 20 + r?

« Solution @
The araolienf of [ in the 5ene/a./ Form Is :

=] " YL 0F = I ODE =
R i R A O i AL

A Yar recf'andularj h he= 1" 7, PAUS ¢

vf= 5:*%%“’—- B R e A 0y R
b Lo cd/:';\clf{m/,' hy= )y hyzrshy=l, #hu s

— | af = dF = : = x
V,C-_-%% - - -\--—f- Qg 52S"‘d“'SIr-o-.”J:OSC#CJq'P

__—-~—-0I
Fohdt 2

0
G Fap SPhericaJ} A;"! > | G }’Jr"s"”g thus

P 2
.—bp- - and s
VE=S 5.0 8f R Y - 2 n
L brqr+r %6 Qe"rsma"@%' = AT Oy b =




g Grade (del , Nabla) (Sheet (03) - Prob (01))

(Q)f=5x+10xz—xy +6

Vf = (§+10z-y)a, + (-x) a, + (10x)a,
(b)f =2singp—rz+4

1
Vf =(-2)a, + = (2 cos $lay + (-r)a,
() f=2r cos@—5¢ +2

of 1 9f 1 @F
Vf = —a, + -—a a
f B Ty g% t rsin@ a¢“¢
1
Vf = 2cosfa, + — (-2rsin@)a -5)a
r T ( )ag + rsing ( 5)a¢
5
Vf = 2cos@a, —2sinfa, — a
e "7 Ting %
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Vector Calculus (Continued)
1.5.3 Divergence of a Vector
» Divergence of a vector field is defined as the net outflow of flux per unit volume over a

closed incremental surface. _
* In other words, the divergence of A at a given point P is the outward flux per unit

volume as the volume shrinks about P, as shown in Fig. 1.10 and defined as follows:

< o i DivA_vA_OA A oA
DiVA = V. A DIVA=V.A= + +
where AV is the volume enclosed by the closed surface S in which P is located.
- X ‘| —_
1K H“‘x f/ \
"h ;’k' N ;L-\--\'\-i f * "' _:}r" [ \ >
1-5 - --II'1._ » _ Ill, _'._F ° %_
h___'-l_ A > Y T"f ) N P >
>’ /
v \Q I 4 {,L/ \ -f”;
< '“"’
(a) (b) (C)

Divergence of a vector(a); Positive divergence; (b) Negative

g divergence; (c) Zero divergence
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’ >Cha F) *_ML.\L.;, R) . S, h= Fg,)]
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VOF_::
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V‘F(r)#’)Z):—i“% ((ﬁ’) +""‘r‘.' Y] o Sz

=> Far q -Sphefica,f caordinafe s\yaf‘em -
(thhy tdy 5 1) = (r859) and hy=1, hy=ry hy=vsine

V-E s = ) B rerF | D FRsine) | 2 Fe
() )‘)’) r2 3"< )+rs.'n9 26 +rsin9 D¢




g DIV (Sheet (03) — Prob. (02))

Determine the divergence of the following fields :
(a)A =x*a,+yza,+xya,
(b)A=rsin¢ga, +2rcos¢ a, + 2z°a,

v = _ nw
(c)A=5sin0a, +5Ssing a, at(o. S'Z'I)

(a)A=x*a,+yza, +xya,
0A, 0A, 0A,

V.A = ox + 3y + o7
I I 9
V.A —E(I )+a—y(}’2)+5(1ﬂ

V.A=2x+z

(b)A=rsin¢a, + 2rcos¢ a, + 2z°a,
= rA =
(ra,) +r' dp * 0z

V.A= i
r or

- 19 - 1 a a 5
V.A —;a(r(r 51n¢-}) +?%(2rcos¢) +E(22 )

_ 1
V.A=—[2r sin¢g] + [-2sin¢] + 4z
-




g DIV (Sheet (03) — Prob. (02))

Determine the divergence of the following fields :
(a)A=x*a,+yza,+xya,
(b)A=rsin¢ga, +2rcos¢ a, + 2z°a,

. B B nw
(c)A=5sin@a, +5sin¢ a, at(O. S,Z,z)

w
(c)A=5sinf@a, + 5sin¢ a4,at(0 5 — i 4)

v.4 =rizair(r2Ar) r 5111 6 06 96 5in04e) + r si1n6 t:;
V.A = - 511119 = (sin@ (5sin@)) + - 5116 a—(S sin ¢)
VA = - silne (5(2 sin6cosf)) +
V.A = o (sin 26 + cos ¢)
v. /Tl(o.s'%% = 05x53m4 (sm + cos D




g DIV (Sheet (03) — Prob. (03))

Show that the vector field F = e™Y (cos x @, — sinx @, ) solenoidal

Answer
_  O0F. O0E, OE
V.F = x+ LA e
dx dy 0z
V.F = —sinxe ™ +sinxe™
«V.F =0

. F is solenoidal
There is neither source nor sink

DIV (Sheet (03) — Prob. (04))

electric charge .

If the electric field E = ya, + xay , show that the given region does not contain any

Answer
VE = JE, % dE, & JE,
dx Jdy 0z
V.E=0
v.5 =0
~ There is neither source nor sink
i.e. There is no electrical charge




" Vector Calculus (Continued)

Curl of a Vector

o Curl of a vector field is defined as an axial (or rotational) vector whose magnitude is
the maximum circulation of per unit area as the area tends to zero and the direction
is the normal direction of the area, as shown in Fig. 1.11 and defined as follows:

* Physically, the curl of a vector field represents the rate of change of field strength in a
direction at right angles to the field and is a measure of rotation of something in a
small volume surrounding a particular point. For streamline motions, the curl is zero,
while it is maximum near eddies and whirlpools. (How much Flow of field)

e The vector fields whose curl is zero are called irrotational. Irrotational fields are also
called as conservative fields.

* |In Cartesian system, the curl of vector field can be found using:

hya, hza, hya,
N - | O %, O
YV F= I d 0 i CurIA:VXA:i S .
hyhyhy | duy  Gu;  duy OX 8y 07

thl :E;F; MJ'FJ




4 CURL (Sheet (03) — Prob. (05))

Compute the curl of the following vector fields

a) F = xya, + 2yza, —a,
b) F = 2@, + singay — za,
¢) F=ra, +a,+sin@ag
a) F =xya, +2yza, —a,

Ay @y Qg Ay @y Qg

VxF = 0 0 9o1_|8 9 3 = —2ya, — xa,
dx dy Jz dx dy 0z

Fy E}J F; xy 2yz -1

b) F = 2a, +sin¢ay — za,

a, pag a, a, pag a,
_ 1 1 1
VXF =— J 0 J =—i i i =—sing¢ a,
pldp oad¢ dz| pldp d¢ dz| P
F, pFy K 2 psing -z




CURL (Sheet (03) — Prob. (05))

Compute the curl of the following vector fields

¢) F=ra,+a,+sinba,

ra—g

d

a0

r

rsin@ 64,

9
o

rsinZ @

' rag rsinfay Ay
_ 1 1 d
VP A2 @& 0 | = |-
rzsin@ | gy 6 ¢ rzsin@ |0r
E. rFg  rsinf Ay r
VxF= 2 [(—1 (2rsinf cosB) —ray(sin?0) + rsinf a (1)]
r2sing ‘"’ = ¢
_ 2cosf@ _ sin@ _ : 1y
Y F = a, — g +—(1¢

T (5 r
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1.4 Vector Integrals

The familiar concept of integration will now be extended to cases when the integrand
involves a vector.

1.4.1 Line Integral
A line means the path along a curve in space. Terms such as line, curve and contour
can also be used interchangeably. Given a vector field Aand a curve L, the integral

b
jA.dl =j|A|cose|d|| (1.28)

L a -
Is defined as the line integral of Aaround L, It is the tangential component of along the
curve L. If the path of integration is a closed curve such as abca as in Fig. 1.8, then
the integral becomes a closed contour integral, which is called circulation of A around

L.

§A dl (1.29)

™~
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g 1.4 Vector Integrals (Continued)

1.4.2 Surface Integral
Consider Fig. 1.9. A vector field Acontinuous in a region containing the smooth surface

S, is given. The surface integral or flux of A through S is defined as

¥ = [AdS = [ A&,dS = [| Alcoses (1.30)
S S S

~ “7L~ i
Fig. 1.8 Line Fig. 1.9 Surface
Integral.

Integral.
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1.4 Vector Integrals (Continued)

1.4.2 Surface Integral

whereéln IS the unit vector normal to S at any point. For a closed surface, the equation
becomes:

lPziA.ds (1.31)

« which is referred to as the net outward flux of A from S. Notice that a closed path
defines an open surface whereas a closed surface defines a volume.

1.4.3 Volume Integral

The volume integral is defined as the volume integral of scalar p, over the volume v
as:

| p.dv (1.32)

|

™~
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1.5 Vector Calculus (Continued)

1.5.5 Laplacian Operation

e The Laplacian of a scalar field V can be written as V2V. It is defined as the divergence
of the gradient of V.

o In Cartesian coordinates system, V2 (V is a scalar field is a&ector field is:

v’V =V.VV =V.gradV (1.37a)
v2H =V(V.H) - VxVxH (1.37b)
VooV oV
ViV =V.VV = (2)(2 + Zyz + 222 (1.37c)

Properties of Laplacian Operation
1. Laplacian of a scalar field is another scalar field.

2. If Laplacian of a scalar field is zero in a given region, then the scalar field is said to be
harmonic in that region.

7

™~




/" 1.5 Vector Calculus (Continued) N
1.5.6 The Divergence Theorem

e This theorem applies to any vector field for which the appropriate partial derivatives
exist. It states that the integral of the normal component of any vector field over a
closed surface is equal to the integral of the divergence of this vector field throughout
the volume enclosed by the closed surface.

* |ts benefits drive from the fact that it relates a triple integration throughout some
volume to double integration over the surface of that volume as shown in Fig. 1.12 and
stated by the following expression:

§A.d§:IV.A.dV (1.38) <=
S

vol

Closed surface §

\

1

/ "

\ /
/1

(Fig. 1.12)

Vohane ¢

Divergence theorem states that the integral of the normal
component of a vector function over a closed surface is equal to
the integral of the divergence of that vector throughout the
@ volume 'v' enclosed by the surface ‘S'.

/




/" 1.5 Vector Calculus (Continued)

1.5.7 Stokes’ Theorem

» The line integral of the tangential component of a vector around a closed path C is
equal to the surface integral of the normal component of curl over the furface
enclosed by the path C.

* This theorem applies to any vector field. It relates a surface integral a closed line
integral shown in Fig.1.13 and stated by the following expression:

§ Adl = j (VXA).dS (1.39)

S

1.5.8 Grad, Div and Curl Identities _
« For any scalar or vector field the following expressians held:

V.VXA=0 _,
Vx(VV)=0 (1.40) <4 =
VXVXA =V(V.A) - V2A ¥
(Fig. 1.13)

N o
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Prob (06)

Prove that curl grad ¢= 0, where ¢ is a scalar field.
Solution Curl grad ¢ =V x V¢ is given by:

— St

a.r b .
o/ox 0/dy dfoz

Vo =— "+—6y—a}"+_éz_a: Vx V=

o a2 a2 ~2
o 0 ). _; osz,f@){_"_‘l,fq’}
= oyoz ) = T\ oxéz Ox Oz oxdy Ox0y

00/ox 84/dy 0/

g, =0.




Prob (07)

Determine the Divergence and Curl of the following vector field.

—

P =x’yza, + xz4,
Solution
The Divergence of is given by:

— 6! o
V- P=. o o
ax(fr)'*@(%)'*‘g(ﬂ) :2.1‘_}}2-{-[].}_1 =2-€}-‘E+_r.

The Curl of is given by:

— -

a, a, a, a,
VxP=|o/ox 0/oy 0/oz| =|8/ax 8/dy Ofcz

A, A, A. Ixzyz 0 Xz

=(0)a, —a, (z - xzy) +a. (xzz)

2 W B
:(x y—z)ay,fx za. .




4 Prob (08)

Find the scalar component of 4 along B.

—

A=6a, +2a,-3a. and  B=3a, —4a,
Solution ) )
The component of 4 along B is given by:

Az =(d4-ap)

_ B 3a,-4a,

ﬂB=| .

==1]

3% +(-4)

‘43 =(. -

e |
T |
tn
e —
Il
L ——
oM
I
|
i
e —

p—
| W
=

—
1]

e
| %
I
| oo
1]
(-




4 Prob (09)

5’!1@/(4 che ‘H‘l e /'ne
/'nnyral of the vecter Freld

=2

< = - - '/—“--— P0,1,2]
F(X)j) z2)=(¢ f‘“})qx"‘ Xay+rZa, Pm.o.zur“:’"/]

along the ;m.% oF S‘}‘rm'g ht
line from ’P, [0,’,2] ts

’P.., [ I, 0, ?.3 , a5 shown in /“"

« Salution :

b The line Mf'egra.f of F becoemes :
2 ]

s o o 2
P'/' F. df :xl‘o (Jc-r\j)cfx _HZ;JCcIj +i!2 22()/%0

~ f————
[]

The Cqua‘f'on of the Pcu% /s the egucc?l'on of st I'ne that

Can be defermined as ('5:""? = 20
U= [ <
Sq};s‘fi'*‘ufn'nj this relation Uie}cls‘
B i B |
f F.all = f f (- J)o/j
R, Xso =1
o s SR -
= X ) =




4 Prob (10)

(-

_C&ﬂ sioler the s<calar field £
'f(-‘t;.'j ;B = 2—"—'3 + 3
Prove that the wveclor Field F= v f

a conservalive

field for the closed confour of ;DHJ%S Cr; cz , and Cg3

S/’lor«un v rffj.wrc

& Sﬁlufloﬂ :

To prove thal the veetor
field Fis conservative ,é.e.
el is re7uired +o Prove that

[t
e have :
= Ts _ o L
_?f_%sc—cl‘x-f'—‘%—fi' q\j "t—% QE
= Q:‘ 5,;-1— -‘21'.'5’[3
J e "By 4 oy fy + I

Fodé = 24 dx 4+ 2xdy

(L1,0]
yEE /I 1
©y
€2
/o 11,0,01 ;
y=0
Fl‘?v ’-‘ ’5




( Prob (11) w

'.ffa/é = J/E.dé +fﬁ'--cr'é.’- +fF‘—:-c/E
< | Ci C2 C3

Lhesed xz| becuse ferc :
(0505 9) Xza =~ ¥=0 oyze 92 =0
X=g —p |
[')'IQJ__ - :;'
) Fo( C2 . j F, ot = 2 O’j = 2 o) = bccm(:e Fer g &
[)'9)93 Y=o == Xzl £z 0 dxzo el¥=20
d= 0 — |
[oy¢,) i xX=q Y=o
=>/:°"C3 F.dt = f 2/0/3: r| 2 c/j > because fop C3 ¢
0, CRl.SegeE Ny TNk =X = o
) Xz )~ =
= xllo % 3,_ b ?_ (.ZZZ) / S Y -»Q

Fr‘am ], gp&T ) C:r ;J Q/Cﬁf)j +‘qp¢f F-.dg = 0

c.e. vhe Lreld is conservative .




Thank, you for your attention

Dr. Moataz Elsherbini




